Day 21 (Wed 7/23) lﬁened with 2 dhscussion of lexlcosraphic order. !

Hour 1 B

Problem: How many ways can & indistinquishable objects be placed inte 3 indistin
— Answer: Fways: (6,0,0), (5,1,0), (4,2,0), 4, 1,1), (3,3,0), (3,2,1), (2,2,2).

Compare to the 28 ways possible If the boxes are distinguishable, (Why 239?)
(6,0,0) ' (5,1,0) (1.0,5)

(0:6)0) H(G,O,O) (5:0,1) (0,5,1)}—9(5;1,0) et—C. A\{oid e etrbOn b re irin X > >
(0,0,6)} : (1,5.0) (0,1,5) [ P Y requiri 3 1—xz—x3.]

Quishable boxes:

Since these groupings are not of equal size, we can’t apply the division rule, Thus we have
a New counting problem... .

nonnegative] .
'Def’n.) Let n,k be [Pe-s-&'ﬂ/e- integers. A partition of » into k parts is g k-tuple of positive
integers (n,ny, ..., ) such that nyZn,z2n3z- 2 ny and NyFngt -t =n.
Partitions of 6 into...
v Lopart: '3
v 2 parts: (5,1),(4,2), (3,3)
[etc., up to & parts]
Young diagrams : ED'%EIJ, P etc.  (Characterize in terms of closure under going up or left.)
Theorem: “The number of partitions of n into exactly k parts s equal to the number of partitions of
whose largest part is k.
Proof: The former partitions are the ones whose Young diagrams have K rows; the latter, k columns,
These are in bijective correspondence (by reflection across the diagonal).

Defn.) Let par(nk) be the number of partitions of # into exactly & parts, By definition,
Ex: par(e,13= 145 par(6,2)=3; par(6,3)=35 par(6,4)=2; par(6,5)=1; par(6,6)=1.
Theorem: The numbers par(n,k) are given recursively by these rules:
par(0,0) =1
par(n,0) =0 for nzi
par (n, k) =0 for k>n '
par (n, k) = par(n-1,k-1) + par(n-k, k) for 1<k<n,

Hour 2 _
Prove the theorem. Main step (recursive rule): FEach partition of n intp k parts either has smallest
part 1 or has every part 22, Partitions of the first kind, (ny,n,,..., M, 1), are in bijection with
partitions of n-1 into k-1 parts: (ng,n,...,Mq).  Partitions of the second kind, (ny,n,, ..., Ny), are

in bijection with partitions of n-k into k parts: (n~1, n~L, ..., ne—=1)  (hote that nk~1215.-

Use the theorem to tabulate par(n,k) and total partitions for n<7 : » .

/ [:'Xtremej/ rﬁ{ﬁona/: Show that the number of partitions of n with diagonal symmetry is e,qual* to the number
of partitions of n whose parts are odd and distinct.  (e.q., for n=16...)

Or discuss dlstin‘guljshabie objects in
indistinguishable boes.

Something completely dyﬁr&ni:
Alternative proof of Fermal’s Little Theorem:
Lemma: If pis prime and 1<k<p-1, then p divides (';:) [Demonstrate for p=%]
~—Solicit’ proof. ﬂoﬁzrecl
Theorem: If p is prime and a21 is an integer, then a’=a (mod p), |
Proof: Induction on a. Basis step: 1°=1 (mod p). 7 -

Inductive step; If' aP=a (mod p), then 8P o+ = af+ @)apqi'* @) ok +"‘+(p€1)a+1

= a+0+0+-+0+1 (mod p),




