1. (20 pts) Match each proposition or predicate in the first column with the one that is
logically equivalent to it in the second column. (For expressions involving quantifiers, the
logical equivalence should hold no matter what domain of discourse is chosen.)

i. (1#2)— P(z,y) a. VYzVyP(z,y)
i (1=2)— P(z,y) b. VzVy-P(z,y)
fii. Vz-3yP(z,y) c. 1#2

iv. Jz3y(P(z,y) A (1 =2)) d 1=2

v. ~Iz3Iy-P(z,y) e. P(z,y)
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2. (20 pts) Explain what is wrong with the following reasoning. Perfect square means the
square of an integer.

Theorem: Every positive integer is the difference of two distinct perfect squares.

Proof. Let n be a positive integer. Factor n as n = pq, where p and ¢ are positive integers
and we may assume without loss of generality that p > ¢. Clearly this is always possible,
for example with p=mn and ¢ = 1.

Let a = (p+q)/2and b= (p—¢q)/2. Thenp=a+bandg=a—b,son =pg=
(a+b)(a—b) = a? — b%. Since n # 0, a? and b? must be distinct.
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3. (20 pts) Prove that if f: A — B is an injective function, and the set A is not empty, then
f has a left inverse, that is, there exists a function g: B — A such that g o f is the identity
function on A.
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4. For each of the following sets X, say whether it is finite, countably infinite, or uncountable,
and do one of the following: ‘

o If X is finite, find its number of elements | X]|.

o If X is countably infinite, find a bijective function f: N — X.

e If |X| = [R|, find a bijective function fr R — X~ -
() 6 pts) X = {z € R |5 >0} Umesntuble wilh [X]=IR1.
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(c) (7 pts) X = P(P({0,{1}})), where P denotes power set.
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5. (20 pts) Suppose S is an algorithm that takes as input a list of n distinct integers, and
returns as output the same integers sorted into increasing order. Find a lower bound on the
worst case number of comparisons that S must do for n = 4, that is, a number k such that
S must perform at least k comparisons for some input (ai,az,as,as). Your answer should
be as large as possible, not a trivial lower bound such as k£ = 0.

Justify the fact that your answer is a lower bound. You are not required to prove that it
is the largest possible lower bound.

Tue  waput sk cadd e e auny 4 24 ?ossi\a\z ooy
velakive +o desied socled odpat . To aeés"}s‘w;gﬁsb
pase possibi ke, de nwber g arnperiions t
vt st Sa\-%s% zk??ﬁ . Sinee 29< 2_‘-\) ‘h«s :.....“,L;gs
k2SS, ¢ S 5 oa Loncer ooundl . .
Tt &, in Fack, possille oot wey ik 4 uw(:d‘s
tne ok ot S wasmS S S s e st possibla
2\;::3 beimi, but i was u.; IH’TMMZJ} b Vme%s.?




