SAMPLE MATH 55 MIDTERM 2, SPRING 2014

(1) Mark each of the following questions true (T) or false (F). You do not need to
justify your answers.

(a) If X and Y are independent random variables, then E(XY) = E(X) + E(Y).

(b) In a group of five people, where each two are either friends or enemies, there
must be either three mutual friends, or three mutual enemies.

(¢) If X is a random variable on the sample space S, then X(s) > 0 for all s € S.

(d) If a is an integer and m is a positive integer, then a”™ ! = 1 mod m.

(e) Let m be a positive integer, and aj,as,...,a, be integers. If m divides
ai1as . ..an, then m divides a; for some 1.

(f) If f: X — Y is a surjective function and g : Y — Z is a surjective function,
then the composition go f : X — Z is a surjective function.
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(2) (a) Let X be a random variable, and a € R. Show that V(aX) = a?V (X).

(b) If X and Y are two independent random variables on the sample space S, then
VX4+Y)=V(X)+ V().
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(3) Consider all permutations of the letters ABCDEFG.
(a) How many of these permutations contains the strings ABC and DE (each as
consecutive substrings)?
(b) In how many permutations does A precede B? (not necessarily immediately)
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(4) A store gives out gift certificates in the amounts of $10 and $25. What amounts
of money can you make using gift certificates from the store? Prove your answer
using strong induction.
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(5) A thumb tack is tossed until it first lands with its point down, at which time no
more tosses are made. On each tack toss, the probability of landing point down is
1/3.

(a) Find the probability that exactly five tosses are made.

(b) What is the expected number of tosses?
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(6) Prove that for every positive integer n, there are n consecutive composite integers.
(Hint: consider the n consecutive integers starting with (n + 1)! + 2.)



